Studying Hilbert functions of concrete examples of normal toric rings, it is demonstrated that, for each 1
BACKGROUND
In the paper [4] published in 1989, several conjectures on Hilbert functions of Cohen-Macaulay integral domains are studied.
Let A = ∞ n=0 A n be a standard G-algebra [9] . Thus A is a Noetherian commutative graded ring for which (i) A 0 = K a field, (ii) A = K[A 1 ] and (iii) dim K A 1 < ∞. The Hilbert function of A is defined by H(A, n) = dim K A n , n = 0, 1, 2, . . .
Let dim A = d and v = H(A, 1) = dim K A 1 . A classical result ([7, Chapter 5, Section 13] says that H(A, n) is a polynomial for n sufficiently large and its degree is d − 1. It follows that the sequence h(A) = (h 0 , h 1 , h 2 , . . .), called the h-vector of A, defined by the formula
has finitely many non-zero terms with h 0 = 1 and h 1 = v − d. If h i = 0 for i > s and h s = 0, then we write h(A) = (h 0 , h 1 , . . . , h s ). If A is Cohen-Macaulay, then h(A) = (h 0 , h 1 , . . . , h s ) is an O-sequence [9, p. 60 ]. Furthermore, a finite sequence (h 0 , h 1 , . . ., h s ) of integers with h 0 = 1 and h s = 0 is the h-vector of a Cohen-Macaulay standard G-algebra if and only if In the present paper, it is shown that, for each 1 ≤ s ≤ 5, an O-sequence
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where e 1 , . . ., e 2s+1 ∈ R 2s+1 are the canonical unit coordinate vectors of R 2s+1 and where ∑ i∈ / 0 e i = (0, . . ., 0) ∈ R 2s+1 . One has dim Q 2s+1 = 2s + 1. Then [6, Theorem 4] says that Q C 2s+1 is defined by the following inequalities:
• 0 ≤ x i ≤ 1 for all 1 ≤ i ≤ 2s + 1;
It then follows that each of Q C 2s+1 and 2Q C 2s+1 has no interior lattice points and that (1, . . ., 1) is an interior lattice point of 3Q C 2s+1 . Furthermore, [1, Theorem 4.2] guarantees that the inequality x 1 + · · · + x 2s+1 ≤ s defines a facet of Q C 2s+1 . Let P s = 3Q C 2s+1 − (1, . . . , 1). Thus the origin of R 2s+1 is an interior lattice point of P s and the inequality
defines a facet of P s . This fact together with [5] implies that P s is not reflexive. In other words, the dual polytope P ∨ s of P s defined by P ∨ s = {y ∈ R 2s+1 : x, y ≤ 1 for all x ∈ P s } is not a lattice polytope, where x, y is the usual inner product of R 2s+1 . It then follows from [ is the h-vector of the toric ring K[C 11 ].
We conclude the present paper with the following 
